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Ha Arlcceprallrronnofi pa6ore lllapurroBa Eo6oa.nn <<Buo.nne rrnTerprrpyeMbre
cucreMbr ypaBHeHnfi n noJrrrbrx anQQepeHruraJrax c cHHryJrqpHbrMH

rcoeQSnq[eHTaMrD>, npeAcraBJreHrroe Ha concKanlre yu6nofi crerreH rr AoKTopa
Qnrnno-uareMar[qecKrrx HayK rro c[eqnaJrbHocrrr 0 1.0 1.02-

<duQQepeHIIHaJrbHbIe ypaBuenufl, A[HaMurrecKrre crrcreMbr rr orrrr{MaJrbrroe
ynpaBJreHrre>>

Teopna allrp(fepeHlllraJlbHblx ypaanenrafi rBrf,ercr oAHrrM rfr3 aKTyaJrbHbD(

IranpaBJlenuft reopnl{ BelqecrBeHHoro 14 KoMrrJreKcHoro aHaJrr{3a, rrocKonbKy oHa

npIIMeHf,eTCt B peIneHLIu MHorI|rX 3aAalt npIIKJIaAHbIX HayK: rI4ApoAuHaMIIKII,

f€l3oAIaHaMaKI{, Teopuu rroJlg, xHMLII{, 6zonorura, oKoHoMI{KLI, ceficlr,toltotun,
gKoJIorI4Ift u Apyrux nanpanlenufi. Arryanrnocrr uccneAoBaHvrfl, pa3Jrr4rrHbD(

3aAaq rro uccJIeAoBaHI4e crlcreM araQQepeuqrranbHbrx ypaBHeHrrfi runa rroJrHhD(

au$QepeHIII,IuuI $yHItqufi c crrHryirrpHbrMu ros(fQuqr{eHraMr.r Syllrcqufi MHorrD(

U KOMTIOKCHbIX HO3aBIICI{MbIX IIepeMeHHbIX, a TaK)Ke IfD(

pa3JluqHbrx HarrpaBneHnffi. ecTecTBeHHbrx HayK He Bbr3brBaeT

,{nccepmqlu Illapunosa B. nocBf,rrleHa rr3freHr,ilo ocHoBHbD( 3aAaq cr{creM
ypannenmi B noJIHEx roaQibepeHrllrzlJr€x c cuHryrspHsrMrr xoeibibrynernaurr. B
cJryqax ToxAecTBeHHoflo BBTIOJIIIeHnT yCnoBr{f, COBMeCTHOCT}I, rrnrOrOO6parrr
peIueHufi pr3rraeMbD( cHcreM HaxoArrcf, onpe4elenrnnm Qoprrrynarr,m.

B rJIaBe 1 4nccepraqru paccMarplrBarorcf, 3a,Aaqu rro nccneAoBaHr{ro
repeonpe4endnnrur crlcreM alr@QepeHrlrranbHbrx ypaBHennfi c nenunefinbrMrr Lr

KBEI3IftJII/rHefinrrnrra npaBbIMI4 qacr{Mu. Ang gnx cl{creM 3an}rcblBarorcr ycnoBrrn
coBMecrHocrrl. Vqutsrsaf, HeKoropbrx rr3 Qynrcqun crrcreM u3BecrHbrMtr,

orlpeAeJlflIorcs ocraJlbHbre rfynrqzll cr{creM, Koropbre o6ecneqnBaror
TolK.qecrBeHHoro BbInoJIHeHaf, coBMecrHocrlr, a nanoroo6pa3nfl, perueunfi
H€lXOA{TCfl OllpeAen€nnrrura Qoplrylarrar{ .f,BHo, rul6o B He{BHoM BLrAe.

1. PaccrvrarplrBaercf, cllcreMa ypaBHeHufi s uorHrrx au(p(fepeHrllraJr€x Br{Aa

0u _/_- -....\ 0u _b(x,y;u)
A *= 

a(x, y;u), 
U , - 

t-_" , (n > 0) , (1)

rAe a,b eC'(D),u(x,y)eC27D), Do =D- {f, ," =0},ycrroBr{e coBMecrHocrr{

IIMEET BIII:
tlt\

Dr(a) = D*l +l; xn*ta', + x(b a', -b: - o b:)+ nb= 0. Nr)^\x')' )

Ecnu ycnoBl{e coBMecrHocrrr crrcreMbr (1) nunoJrruercr ro)KAecrBeHHo, To
LIHTerprIpla cucrelry (1) noq'.rr,rM Mrroroo6parnx peurenufi cLrcTeMbr B Br{Ae



,(*,y) - hl*,y ;<D(C,y)] ma6o u(*,y) - hl*,,y ;@(uo,y)]= C(D). e)
AnaroruqHo npeAbrAyrrlrrM cJDrrraf, M, paccMarpr{Baercr cr4 creMa

? =o(*,/), *h(*Duo, 2u - b(x,y-;u), n) 0,k *1, a,be cr(DxR, ),u. c, (D0). (3)0x yn yn A, x'

Anfl cylllecrBoBanus. HerpepbrBHoro perueHr,rrr cucreMbr (3) neo6xo4urrarr
BbrloJrHeHrre ycJroBaf, JreMMu MaxafiJroBa JI.f., r.e.

\ln( ,' +)= o,rim( *'*'l = o Tor4a us (3) ron) raeM , t) = 0, , = h,(y), rAey-o\ 0x ) ' '-o( Ay )
9TI'I Qynrqufi 6ylyr qacrHbIMI{, rz6o oco6rrrrarn HerrpepbrBHbrM}r peureHr4sMq
ncxo4nofi crlcreMbl. Ycnosue coBMecrHocrr{ c}rcreMbr (6) BbrnoJrHf,erc.f,

TOXAECTBEHHO TorAa I.I ToJIbKo TofAa, KoIAa SyHrcqza b(x,y,u) [peAcTaBLIMa
cneAyroqefi Q oprraynofi :

b (x, y, u) = 
" &(#)" 

. *{X * fly, "d(t - k) A(x, y)b'- o- rra y) ]} e4d(fr - D A) u 
o 

.

IIpa erorra crrcreMa (3) paspeurlIMa, lr MHoroo6pasne e€ peruenufi oupe4eJrrercf,

B Br{Ae u(x,y)-exd4a D\.la(*,y)+I/(J"c)lul-k). 3aueruu, rrro B nocre.rnei

Qoprrayne, no acefi o6lacru (DxRr)o HerrpepbrBHo, a B ToqKax rrlr'uuBbrpoxAeHr,rrr

! : 0, I4Meer oco6ennocrr,I gKcnoHeHqr{€IJIbHOTO XapaKTepa.
B rnasrr 2 paccrrrarpllBalorc.f, crlcreMbr ypaBHeHlrfi n uorurnx an@QepeHr{Lr€rJr€x,

(4)

(s)

B stux cl{creM€x nepexoAs B rloJltpHbre cr{creMbr KoopAr.rHar, npeoopa:yrorcf, Ha
rrnocKocrll KaK Kpyr PaAlryca r, aBn-rraepnofi npocrpaHcrBe, KaK rrrap paAuycorra p

--n 0u / \ ,-, Ou, 
U = plr,(p;u), r"-' ----:- = q(r,e;u);

^nAu / \ .-, OuP' ^ = at(P,e)u), p"-' -:::- = dk*t(p,rp;u), (k =r,(n -i), ,p = (e,e2,...,e,_t). (6)oP oQo

Eclu B cl{creMe (6) B cl4HryJltpnofi to.rrce craBr{Tb 3aAaqr4 Korura, To no JreMMe
Muxafirosa JI.f. HafiAercs $yHrcqnu u=h,(e), Koropbre 6yayr qacrHbrMm, tru6o
oco6rrurn p€ureHuf,Mr{ cr{creM6r.

c cr,rHryntrpHbrMr4 TOrrKaMLr.

0, _ a(x, y;u) , y _ b(x, y;u). (n > 0)0x xn ' 0y xn

0u a,.(x: u\-7,@ = (x,,x2,...,x,), (k =1,2,...,n),0*o xi



flycrr B crlcreMe (5) BbruorH.f,rorc.f, ycnoaufi yKa3aHHar JreMMa, T.e.
/'^\

l"l. x, u'o .K, lim I p^ .9" )= 0.+- 0,=) dt = ate,p) = d,(e), & =I,n)), rorAa- p*o\ Ap ) 0u

Bo ecefi AaHnofi o6lacra perueHlre

,{orrycrnrra, qro Bo eHeruHefi
n-l
Sr1 1D =L*ilp",0<p(6,
k=l

IEcxo4nofi clrcreMbr 6y4er HenpephrBHbrM.

o6racrn n- MepHoro uapa D:

0 < cp <2 tt), BhrnoJrHflercf, ycroeufi:

Jleuua 22. Irycma e n.d.- cucme.^4e (2.4.4) ee Qyurcquil ydoenemsopfltum ycno1ufivr:
I) Qyurcqun ar(p,e) ecndy 6 o6nacmu n 6atna HenpepbtnHa, oepaHuqeHa u
oduosuauua; 2) apeyweHmat Q i ydoenemeopnrcm HepqleHcmecrM 0 <e, <2 r (i =t,n) ;
3) cyryecm,yrcm KoHevHue npedenu eyurct4uil lr\o,(p,rp),(i -I,"); 4) eyurcqua
ar(P,Q) ., ,-- (m>l) uHmezpupye 4e Ha npoweucymKe (1,*). Tozda eue o6nacmu D:p"'

(DxR')-=2- 9cflKoe peuteHue n.d.- cucmewd (2.4.4) oduosuavuo, HenpepusHo u
onpedennemcn cnedynu,leil eopaynoil :

u(p,e)- c+ @(p)-1ryPdt,(p>r). (7)it^
Teu caurrM' orlpeAeJulerct perueHae rpaHuqHofi gaAa.u clrcreM, c cr{HryJurpgbrMlr

ToqKaMI4' BHYTPU, BHe I'I na oco6ofi ro.me. Teu carrabrM AJUI prcxoAnofi crrcreMbr
HaxoAf,Tcq pelleHr,Ie rpaHlftrrHofi sa4a.rz.

B rpetrefi uanrr pa6oru paccMarpl{B€rrcTcf, nepeorpe4eneHnrre o6o6qdHghre
cacreMEl Kouru -Pzuana, B KJIacce BelrlecrBenHo-aH€rJrurarrecKux SyHrqnfi RA(D),
c HeJlaHefiHrrIrau n KBa3lanunefinrruu npaBhIMI{ qacr{Mr{, c cI,IHryJItpHbIMr{ TorIKaMH.

B pa6orax I4.H. Berya , JI.f. Muxafinona, 3. {.VcrraaHona, O.MyxaMMaArreBa,
f.A. MaroMeAoBa, fl.H.flalarraoAoBa, A.B.A6pocrrMoBa, H. pa.Uxa6ona, C.Eafisoena,
A. Pacyroaa, A.My:<cr.rHoBa, [pm.caQapoaa. ,c.{. capnucaHa r4 ApyrLtMr4 yrdHrrua
6unu u3) reHbr nranefinrre o. c. K p., B CJrr{arx HenpepbrBHo_
az$SepeHlll4pyeMocrl4, n€repoaoctu u nepraoAaqHocrrir B nercoropofi o6racru, a
TaK)Ke ABo{KorIepLroALtrIHocru vt rpo.f,Korlepuo.{urlHocru Synrqufi W, B pa3rr4rrHbrx

KJIACCAX c: rc:. AsropaMlr accne.ryercf, cr4creMhr, u Haxo.rrrrc.,r
unoroo6pa3lrr petueuufi o.c.K.-p. Buna

AW

Az =a(z)W +b(z)W +c(z)

krvlu 6rura noJryqeHhl lanoroo6pa3r4r peueHrnfi o. c. K.- p. , uurelp€rJrbHhrMlr
rIpeAcTaBJIeHI4tMIlt I{JILI kIHTelp€lJIbHbIMI4 onepaTopaun Korurir, a TaKXe fypca-BeKya-s(/)' r(n: B eroM xe KJIacce. flpuu€rra perueH'rr,r 3aAaq Bhrp'Karorc, qepe3

(8)



rlporl3BoJlbHofi analurnqecKofi iby"*qnn @(z), or oAHoro ru6o MHorlrx repeMeHHbD(

,: (rt,"',Zn). 3arena s 1980 rory Jl.f.Mnxafiroarru, B KJracce BerrlecrBeHHo-

aH€LJIrIrI4rIecKIrx (bfIrqufi RA(D), BnepBbre 6ur orry6Jrr,rKoBaH s AAH CCCP pa6ory
no rrccJreAoBaHrrro [.o.c. K.- P., c peryJrrpHbrMu rrpaBbrMLr qacrrMtr B]rAa

aw 
,zr; w), y = fr(r,,z1,z2,zr;LT),

A rr= Jr\zt'Zt'z2 '' OZ,
(e)

(10)
AW

0Zo
-t(-; -; - ;,r1/\ (L.
- J k\LtrL1ra2).2)...)ZnrZr;W), (k =lrn),

r4e Synrqnfi -fr e RA(II,) n ananrrrrrqecKr{e no nepeuenHofi W $y:arc1rru.

B clyrau roll(AecrBeHHoro BbrrroJrHeHlrrr ycnoBrafi coa\decrHocrLr Bbrrrre yKa3aHHhD(

cl4creM, Iranoroo6paslEx zx peurenufi onpeAenrrorcr rrepe3 oAHofi upoH:aornnof,
aHarrr4rrrrrecnofi QyHrqraefi O(z).

B n.3.2.5. paccMarplrBaercr KBur3lrJurHefinas clrcreMa (u. o. c. K.- P.) c

cnHryJrrpHblMlr ToqKaMa BrrAa

AW _b(z,Z,z,r,2r;W)
OZ, (2, -z\o')" ' (11)

rAe a,b,meM(II'),W eRA(II:o)),nlI, meA(II,),-ro nepeMeuHhrM 21 ,W. B
cl{creMe (11), BbInoJrHr{B al{aJlr,rrr{vecKoro [poAoJDKerrr{fl rc rfynxqnnrl KoMrrJreKcHbD(

nepeMeHHbrx, 3aMeHoft nepelaeHHbrx Zk Ha e u (k = 1,2), rroJr) rrrM cr{creMy BrrAa

(t, - tlo' Y + : a(z,et,zz,er)m(zr,zr,6r;w), (E, - Elo')' y: b(z,e,zz,E.,;w). (12)' o€, oe,

flo aHarorlllo K [peAbIAyIrIrrM fJraBaM, rrMeer Mecro cneAyroq€u JreMMa:

Jleuua 3. Ilycmo e cucmeMe (12) , npu o?paHwleHHoc*u W lu cwecmnyrcm

npedenat, u pa*Hbt K Hynn ,r^-,(rrr-€lo,)'9.]=0, mo ueobxodu*to cyulecm,ypm- e*-r''1'-" )Eo )
Qyurcquil W =14(zr,zr,2r),W =h.r(zr,zr,Zr), ede ouu 6ydym vacmHbtJt4tt, nu6o

oco6auau peueHufllvtu ucxoduoil cucmeubt, Henpepbr.nHue ua dauu,oil o6nacmu.
V.{utrreas [poqecc r,rHTerpupoBaHrre (12) uory.raeM peueHr4e r4cxoAnofi crrcreMbr

Qoprrynofi
W (2r,21, 22,Zr) = M-tVr, rr,Zr;@(2, zz) r A(zr,Z1, zr,Z r) + F(2, zr,Z)f. (13)

Teopeua 3.1. Ilycmb 6 n. o. c. R.-P (II) a,b,meRA(IIr), w eM(II\o)), m,b-

aHcuumuHecKue Qyurcquu no nepe*teuuott W. Ecnu 6 cucmervre ypaeuenuil (12)

Qyurcqut4 Q,ffi,b ydoenemsopnlom ycrosuru reMMbt 3 u ee ycJtosue co&MecmHocmu

ry : o('r,z r, t.:,2) 
m(z 1, z 2,2 2;W),02, (2, -z{0, )'.

8btnoJlHnemcfl, Ho ue mocrcdecmgeHHo, rlto uaxodamca dea qacmuatx, nu6o oco6utx



pe?aeHuit cucmeMbt. Inn moeo
qunorHnnocb mocrcdecmqeHHo.

vmo6at ycnoaue cozJ|4ecmHocmu cucmeMw (12)

ueo6xodunto u docmamouuo, qmo6w Qynrcqua
b(zy,€t,zz,e ziW) ItMera onpedenduuatil eud. Tozda cucmerwa (I I) pazpenurrlct, u

uuoeoo6pcRue ed peuteuuil, uaildeHHoe Qopuynou (13), ecrcdy e odnacmu.r*nflemcn

HenpepuqHblM no nepeweHHoil 2r, u no Zr npu O<n<l; 6 moHKe 2., =Z{') u a o6nacmu

uMepl4ee oco6euuocmu (n-I)-zo nop.ndrca dna suaueuuil n)1, a 6 cnyqau n=l
uMeem nozapuQauqect<yrc ocodeuuocma. Ecnu 6 cucmetvre (12) ed npaeate uacmu 6

odnacmu II, cuumamb aHcuumuqecKuMu Qyurcqun*nt, mo, noryuttJvt HenpepbtnHoe

ecndy e odnacmu peraeHue ucxoduoil cucmeuut.

Tanxe n pa6ore paccMarprrBaercr r.o.c. K.- P. BnAa

arr 
=a(z,zt,1z,-z]) m(z,,zr;r(), ry =b9,,2':}r,1? p(z,,zr;w.), (r4)

02, (2r-Zl'')' \ " " /' 02, (rr-Z\u,)' r'r z2 /

rAe a,b,p,meRA(IIr), W eRA(IIjo);. lIocJIe aH€LrrurnqecKoro [poAonx{eHlrs K ee

QynxqnrM, rro zk Ha 6o npeo6pa3yeM AaHHyro cr4creMy cneAyroqurra o6pa.:orvr:

+=a(7t,fi,?z-,52) m(z,zr;w), aw 
-b(z,E,zz,' 

\

dct (e,-ei,,) ;=affiP(2,'22;w)' (15)

Vqutrreat ycnoBl,Ie coBMecrHocrr.r nocleAnefi cr{creMbr, onpeAenflercf,

B3anMocBs3b MelKAy QymquaMr4 cprcreMbr, rr clpaBeAJrrrBa cJreAyrorrlzur reopeMa:

Teopeua 3. 2. Ilycmb 6 n.o.c. K.-P. (14) a,b. M@,\ *, o. A@.\* . ru(n:',\. Ecnu

ycnoaue cozMecmHocmu abtnorHflemcfl, Ho He moacdecmleHHo, a meKilce
gbtnonHfl,emcfl ycJtogue neMJvtu 3, moeda onpedenaemcfl HeKomopoe uacmHoe, nu6o

oco6oe peuteHue. nna mozo, qmo6at ycno*ue coeriecmHocmu eo ecett o6nacmu I]r,

(rcpoue oco6oil mouKu €n = 6[o),(k =t,2)) rwnonHflracb mocrcdecmneHHo,

neo6xodtuwo u docmamovHo, ,amo6at Qyurcquu

m(...) 6amu QyurcquonanbHo 3a6ucuMbtwu.

pa3peuuMa u MHo?oo6pasun ed peueuuil onpedenaemcfl coom6emcm6ynr4uMu

Qopuyna*tu (15), npuv€u nonyqeHHoe peweHue cucmeJvtbt Henpepbtnuo ua dauuoil
oonacmu.

C rvrareuarrrecKofi ToqKr4 3peHr{f,, Bce noJr)rueHHbre p$yJrbraru [lapuuosHNa B.
sBrslorcf, HoBbrMrit, no4po6no AoKa3aHbr ee reopeMbr, rr He Bbl3blB€tror corvfirenufi.
Cuutato, uro pa6ora IllapnnoBa E. <<BuolHe r{HrerplrpyeMbre crrcreMbr ypaaueuufi n
tIoJIHbIX auS$epeHIII{aJI€x c cr4HryJrspHbrMra rcosQrfaqpreHTaMu)) f,Brserct
3aKoHqeHHbIM HafrHbIM TpyAoM, BbrrroJrHeHHair pa6ora aBTopoM, caMocrosreJrbHo H

orBerlaer BceM tpe6oaauvIflM) npeAbsBJrf,eMbrM K Ar4cceprarl[qM Ha cor{cKaHrde
yreHoft crerreHri AoKTopa Queuno-uareMarlrqecKr{x HayK.

3auetuo, rITo B pa6ore npLrBeAenbr npr{JroxeHr{r Lr3rraeMbrx cr{creM B perrreHr{r4

D(...) c a(...), a maKilce p(...) c

Tozda cucmervta ypaeneuuil (14)

3aAaq 9KOHOMI/IKU. 6UOIO T]aVI U 9KOJTO|I{I{.



K coxameHlrro, n amopeQepare o6napyxlrBaercf, HeKoropble opQorpa@u.Iecrure n

TexnErrecrrae onu6Krr, Koropbre He yNfeHbruarcT rleHHocr[r BbrnoJIHeHHyIo pa6oty.

Pesynrrarrr, noJD reHHbre AlrccepraHToM n pa6ore, f,BJrf,Iorct HoBIIMI{ 14

AocroBepHbrMrr. Bce reopeMbr u yrBep)r(AeHr{fl

MareMarl{rrecKrrMl,r .I[oKa3areJlbcrB€rMrr. Ocnonnrre

ony6maroBaHbr B )KypH€rJr€rx peKoMeHAoBaHHbrx

Aarope$epar noinocrbro orparaer coAep)Kanr,re Ancceprarlnu.
B 3aKrloqeHue orMeqilo, rrro rlo 4prlTepl{f,M ycraIroBJIeHHbrM B rI. 9-I4

<<flonoxeulreM o noprAKe nplrcpKAeHlre yr€nrrx creneuefi>>, rpeAcraBJreHHyro

Alrcceprarlurc Mo)KHo crrr4Tarb HafrHo-KnanuQzqnpoaannofi u garoH.reHHofi

pa6orofi, rAe [o[5rqsH51 HoBbre

az(frfepeHrlrrarrbHbrx ypannennfi

p$yJrbTaTbr, r{Merorlr{e 3HaqeHI{e B Teopr4rr

B qacrHbrx npoLt3BoAHbrx, ypanneHufi
gJlJlrrrrrl{rlecKoro rrrrra, B Teopurl nepeonpeAendnnrx o6o6qdnHbrx cr{crerr,r Kourn-
Puuana B KJracce BerrlecrBeHHo- aH€IJrrrrrfrrecKrrx Qynrqufi .

Heo6xolrrMbre ccbIJIKlr Ha aBTopoB w ucrorrHrrKlr 3arrMcrBoBaHr{f,

MarepnaJroB B Arrcceprarlun lrMerorc.f,. flpe4cmnJreHHafl Alrccepraqr.ra coorBercrByer
ocHoBHbIM KplrrepusM ((floro)r(eHr.lf, o nopsAKe npncyxAeHr{r yrdnrrx creueHefi>>, a

ee aBTop Illapuuoa Bo6oarn 3acJry)KprBaer npucy)KAeHprs ervry yr€nofi creneHr{

AOKTOpa QUSUTO-rvraTeMaTr{rrecKrfrx HayK, no cneqlr€urbHocrrr 01.01.02-

,uuHaMLIrIecKue clIcTeMbI u onTl{MaJrbHbrefiu(fipepeHrlr{aJrbrrbre ypaBHeHr{r,

yqpaBJreHrrr.

AOKTOp QUS.-rr,rar. HayK, npoSeccop
rcaQe4pu MareNaarra.recKoro aHaJrra3a flnpon P.

T|ITY r{MeHr{ C.Afinn
&

flo4uucr nporpeccopa fhryona P. saaepxro:

Ha.rarrHnK orAeJra KaApoB TfITy urra.C.

o6ocnoeaHHbre crporlrMlr
p$yJrbTaTbr Arrcceprarlulr

BAK Mrano6pHayKr,r PO.

A.

f{)r'KtrAiil ,rwx?';
rEt

./-!-c'A'\l

^s//t:/"-'


